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Abstract
We study the cosmological model based on Einstein-Gauss-Bonnet gravity with non-
minimal coupling of a scalar field to a Gauss-Bonnet term in 4D Friedmann universe. We
show how constructing the exact solutions by the method based on a confrontation of the
Hubble parameter in the model under consideration with that in a standard scalar field
inflationary cosmology.
1 Introduction
The cosmological model based on Einstein-Gauss-Bonnet (EGB) gravity with non-minimal
coupling of a scalar field to a Gauss-Bonnet (GB) term in 4D Friedmann universe is of growing
interest. The reasons are as follow.
Although the scenarios of cosmological inflation [1–7] explain the origin of a large-scale
structure and correspond to observational data [8–10], there are problems that go beyond the
standard inflationary scenario, for example, quantum gravity. Approaching to the very early
universe one can consider Einstein gravity with some corrections as an effective theory of the
quantum gravity. The effective supergravity action from superstrings induces correction terms
of higher order in the curvature and they may play a significant role in the early Universe. One
of such simple correction is the GB term [11,12].
It is well known, that the variation of the GB term is different from zero only in a space
with dimensions of not less than five. Evidently, the four-dimensional space does not satisfy
this condition, but if the non-minimal coupling of a scalar field with the GB term is taken
into consideration, the dynamical equations of cosmology are quite different from the standard
inflationary cosmology [13,14]. Then, influence of the GB term in 4D universe is effective.
The observational constraints on slow-roll inflation in the models with the scalar fields cou-
pled to the GB term, and the exact and approximate expressions for parameters of cosmological
perturbations were obtained in the papers [13–16].
The models of dark energy with the GB term, in the context of second accelerated expansion
of the universe [17,18] were considered in the works [19–21]; EGB gravity was used in the context
of reconstruction of gravity theories from the universe expansion history [22,23] as well.
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In the paper [24], we paid attention for two main problems: the estimation of the influence
of the non-minimal coupling of the scalar field with the GB term on the cosmological dynamics
and finding the effective technique of exact solutions constructions. Both these problems were
successfully solved after finding the connection between the Hubble parameters H and H for
standard scalar field cosmology and for scalar cosmology, based on EGB gravity with non-
minimal coupling to a scalar field, correspondingly. Both of the models are studied for a spatially-
flat Friedmann universe.
In the present work we generalize the proposed method to the case of an open and closed
Friedmann universe, besides new solutions for a spatially-flat universe are presented as well. It
should be noted here, that we used the presentation of open and closed universes as a spatially-
flat one filled by a perfect fluid [25].
The article is organized as follow. In Sec.2 we consider the dynamical equations of non-
minimal coupled scalar field with the GB term in Friedmann universe. In Sec.3 the conformity
between 4D EGB cosmological models and standard Friedmann cosmology is considered.
In Sec.4 we obtain the exact solutions for the models with De Sitter and power-law expansion
by choosing the evolutionary laws for the scale factor a(t) and the scalar field φ(t). We were
also convinced that with a special choice of the model’s parameters, the Hubble parameters H
and H are coincided.
In Sec.5 the exact solutions for the power-law scale factor were obtained by the setting of
the relation between H and H. Also, we consider the another ansatz, H = 0, leading to the
models without a connection with standard cosmology and we obtain the solutions for k 6= 0
and the general solutions for k = 0.
In Sec.6 we consider the representation of time derivative of the GB coupling function ξ,
which allows us to compare not only the Hubble parameters, but also other parameters of the
standard cosmological inflationary model and models with a non-minimal coupling of the scalar
field with the GB term.
In the Sec.7 we summarize the results of the work .
2 The model’s dynamical equations
The action under consideration is composed of the Einstein-Hilbert term and a canonical
scalar field non-minimally interacting to the GB term through a coupling function ξ(φ) [13,14]
S =
∫
d4x
√−g
[
1
2
R− 1
2
gµν∂µφ∂νφ− V (φ)− 1
2
ξ(φ)R2GB
]
(1)
where R2GB = RµνρσR
µνρσ − 4RµνRµν +R2 is the GB term. The GB coupling function ξ(φ) is
required to be a function of the scalar field in order to give nontrivial effects on the cosmological
dynamics. To describe a homogeneous and isotropic universe we chose the Friedmann-Robertson-
Walker (FRW) metric in the form
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dΩ2
)
(2)
where a(t) is a scale factor, a constant k is the indicator of universe’s type:1 k > 0, k = 0, k < 0
are associated with closed, spatially-flat, open universes, correspondingly.
1It is usually accepted do not normalise k to the unity (k = +1, 0,−1) in the models where the curvature term
k/a2 is considered as the term appeared in a spatially-flat universe from a perfect fluid [25].
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The dynamical equations of cosmology for the model (1) are [14]
3H2 =
1
2
φ˙2 + V (φ)− 3k
a2
+ 12ξ˙H
(
H2 +
k
a2
)
(3)
H˙ = −1
2
φ˙2 +
k
a2
+ 2ξ¨
(
H2 +
k
a2
)
+ 2ξ˙H
(
2H˙ −H2 − 3k
a2
)
(4)
φ¨+ 3Hφ˙+ V,φ + 12ξ,φ
(
H2 +
k
a2
)(
H˙ +H2
)
= 0 (5)
where a dot represents a derivative with respect to the cosmic time t, H ≡ a˙/a denotes the
Hubble parameter, V,φ = ∂V/∂φ, and ξ,φ = ∂ξ/∂φ. Since ξ is a function of φ, ξ˙ implies ξ˙ = ξφφ˙.
If ξ is a constant, the dynamical equations would not be influenced by the GB term in four
dimensional spacetime.
The equation (5) can be derived from the equations (3)–(4). Therefore, we will consider
these equations as fully describe the cosmological dynamics.
Let us mention about one interesting interpretation of an open and closed universes as a
spatially-flat one filled by the perfect fluid with the relation 3k = ρm0 [25]. In such approach,
we have the inflationary stage which is driven by the scalar field in the spatially-flat Friedmann
universe (k = 0).
If ξ = const, the equations (3)–(4) are reduced to the equations for standard scalar field
inflation
3H2 =
1
2
φ˙2 + V (φ)− 3k
a2
(6)
H˙ = −1
2
φ˙2 +
k
a2
(7)
In the next section we will introduce new notation for the Hubble parameter H with the aim to
differ it from the same in the 4D EGB cosmological model (1).
3 Conformity between standard Friedmann and 4D EGB cos-
mology
To make possible a generation of exact solutions for inflation in 4D EGB cosmology and
comparison with standard Friedmann cosmology let us define the new (generalized, in respect
to that introduced in [24]) connection between the Hubble parameter H of standard inflation
and the Hubble parameter H in the 4D EGB model
H = H − 2ξ˙
(
H2 +
k
a2
)
(8)
The equations (3)–(4), in this case, can be rewritten as
1
2
φ˙2 + V (φ) = −3H2 + 6HH + 3k
a2
(9)
1
2
φ˙2 = −H˙ +HH −H2 + k
a2
(10)
ξ = const implies H = H than the equations (9)–(10) are reduced to (6)–(7).
Further, after simple transformation, we can rewrite the equations (8)–(10) in the following
form
V (φ) = −2H2 + 5HH + H˙ + 2k
a2
(11)
3
12
φ˙2 = −H˙ +HH −H2 + k
a2
(12)
ξ˙ =
H −H
2
(
H2 + k
a2
) (13)
Since the equations (11)–(13) contain five unknown functions, to generate the exact solutions
without additional conditions it is necessary to set two of them.
4 The exact solutions from given evolutions of scale factor and
scalar field
In the papers [26,27] the exact solutions for standard cosmology were obtained by the choice
of evolutionary laws for the scalar field φ = φ(t) or for the scale factor a = a(t). Now, we
will generate the exact solutions by the choice of both: the evolutionary law for the scalar field
φ = φ(t) and for the scale factor a = a(t). Then we compare the dynamics for 4D EGB and
standard Friedmann cosmology by means of Hubble parameters.
4.1 De Sitter expansion
For example, consider the cosmological model with De Sitter expansion
a(t) = a0 exp(At), H = A (14)
φ(t) = Bt (15)
where A(> 0) and B are arbitrary constants.
Form equations (11)–(13) we obtain
H(t) = A+
B2
2A
− k
3Aa20
e−2At (16)
ξ(t) = −
(
1
12A4
+
B2
8A4
)
ln
∣∣A2a20 + ke−2At∣∣− B24A3 t+ const (17)
ξ(φ) = −
(
1
12A4
+
B2
8A4
)
ln
∣∣∣A2a20 + ke− 2AB φ∣∣∣− B4A3φ+ const (18)
V (φ) = 3A2 +
5
2
B2 +
k
a20
e−
2A
B
φ (19)
For a spatially-flat Friedmann universe (k = 0) we have
H(t) = A+
B2
2A
(20)
ξ(φ) = −
(
1
12A4
+
B2
8A4
)
lnA2a20 −
B
4A3
φ+ const (21)
V (φ) = 3A2 +
5
2
B2 (22)
If B = 0, we have H = H = A, ξ = const, V = VE = 3A
2 and φ = φE = 0, where φE and VE
are the scalar field and the potential for standard inflation.
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4.2 Power-law evolution of the scale factor
Now, we consider a power-law scale factor evolution and a logarithmic evolution of the scalar
field:
a(t) = a0t
m, H = m/t (23)
φ(t) = C ln(Bt), (24)
where m(> 0), B(> 0) and C are arbitrary constants.
The coupling function ξ for an arbitrary m is defined from (13) in quadratures only. Never-
theless, an explicit dependence ξ = ξ(t) and, respectively, ξ = ξ(φ) can be found for the specific
values of m. Explicit integration, for example, can be performed for the model with m = 2.
Setting m = 2, form equations (11)–(13) we obtain
H(t) =
C2
6t
+
4
3t
− k
5a20t
3
(25)
ξ(t) =
(
−C
2
96
+
1
24
)
B2t2 +
(
kC2
384a20
+
k
480a20
)
ln
∣∣4a20t2 + k∣∣+ const (26)
ξ(φ) =
(
−C
2
96
+
1
24
)
e
2φ
C +
(
kC2
384a20
+
k
480a20
)
ln
∣∣∣∣4a20B2 e 2φC + k
∣∣∣∣+ const (27)
V (φ) =
B2
10a20
(
15C2a20e
2φ
C + 40a20e
2φ
C + 6kB2
)
e−
4φ
C (28)
For a spatially-flat Friedmann universe (k = 0) we have the following solution:
H(t) =
C2
6t
+
4
3t
(29)
ξ(φ) =
(
−C
2
96
+
1
24
)
e
2φ
C + const (30)
V (φ) =
B2
10
(
15C2 + 40
)
e−
2φ
C (31)
In the case of C = ±2, we have the solution: H = H = 2/t, φ(t) = φE(t) = ±2 ln(Bt), ξ = const
and V (φ) = VE(φ) = 10B
2e∓2φ.
It should be note here, that one can construct new exact solutions from the equations (11)–
(13) using another value of m for the power-law scale factor (23).
5 The exact solutions from ansatzs
In Sec.4 we are setting the evolutionary laws for a scale factor and a scalar field with the aim
to solve 4D EGB cosmological dynamics equations (11)–(13). There is one another way to solve
these equations. Namely, we can impose the ansatz on the Hubble parameters F (H,H) = 0
and make a suitable choice of one of them. This will correctly define the system of equations
(11)–(13) and we have to find three unknown functions: H (from the ansatz F (H,H) = 0, if
H = H(t) is given), φ(t), ξ(φ).
Now, we consider the application of the special ansatzs for constructing the exact solutions.
5
5.1 The first ansatz
The first ansatz is
−H˙ +HH −H2 = 0 (32)
When the scale factor and the Hubble parameter are as in the case of power-law universe
expansion (23), taking into account the case of k 6= 0, from ansatz (32) we obtain
H(t) =
m2
(1 +m)t
(33)
The Hubble parameters H and H can be equal when m = 0 or a = a0 i.e. at the beginning of
inflation, only.
As in Sec.4, we can find the explicit dependence ξ = ξ(t) for the specific values of m.
Setting m = 2 we have
φ(t) =
√
2k
a0t
(34)
ξ(t) =
1
24
t2 − k
96a20
ln
∣∣4a20t2 + k∣∣+ const (35)
ξ(φ) =
k
12a20φ
2
− k
96a20
ln
∣∣∣∣8kφ2 + k
∣∣∣∣+ const (36)
V (φ) =
a20
6k
φ2(3φ2 + 20) (37)
It is worth to note, that in the case of open Friedmann universe (k = −1) we have the phantom
scalar field with negative kinetic energy.
5.2 The second ansatz
In the context of the second ansatz, we consider the specific model without connection with
standard cosmology. This is the case when H = 0. With this suggestion the equations (11)–(13)
are reduced to the following form
V (φ) = −2H2 + 2k
a2
(38)
1
2
φ˙2 = −H2 + k
a2
(39)
ξ˙ =
H
2
(
H2 + k
a2
) (40)
Now, we can rewrite the equation (39) in terms of a(t) from the definition of H = a˙/a as
a˙2 +
1
2
(aφ˙)2 = k (41)
Firstly, we consider the model with k = 1, k > 0 and scale factor
a(t) = A sin(Bt), (42)
with additional condition k = A2B2, where A and B are positive constants.
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From equations (41), (38) and (40) we obtain
φ(t) = ±
√
2Bt, V = 2B2 (43)
ξ(t) = − 1
4B2
ln |cos(2Bt) + 3|+ const (44)
ξ(φ) = − 1
4B2
ln
∣∣∣cos(√2φ) + 3∣∣∣+ const (45)
For the open Friedmann universe (k = −1) we consider the phantom scalar field satisfying the
equation
a˙2 − 1
2
(aφ˙)2 = −1 (46)
Here, in equation (46), we changed the sign before kinetic energy φ˙2/2 in equation (41) for the
case of the phantom field.
The next example of the exact solution is given for us by setting the scale factor as
a(t) = A cosh(Bt) (47)
with the restriction A2B2 = 1. Thus, we have the solution
φ(t) = ±
√
2Bt, V = 2B2 (48)
ξ(t) =
1
4B2
ln |cosh(2Bt)− 3|+ const (49)
ξ(φ) =
1
4B2
ln
∣∣∣cosh (√2φ)− 3∣∣∣+ const (50)
For a spatially-flat Friedmann universe (k = 0) we have the general solution of equations (38)–
(40) with the phantom field
φ(t) = ±
√
2 ln(a(t)) + c (51)
V (t) = −2
(
a˙
a
)2
(52)
ξ(t) =
1
2
∫
a
a˙
dt (53)
where c is a constant of integration.
As the new example, we give the solution with the scale factor
a(t) = A exp(Btm) (54)
The Hubble parameter is H = mBtm−1. From equations (51)–(53) we obtain
φ(t) = ±
√
2Btm + c1, c1 = c±
√
2 lnA (55)
V (φ) = −2B2m2
(
±φ− c1√
2B
) 2(m−1)
m
(56)
ξ(t) =
t2−m
2(2 −m)mB + const (57)
ξ(φ) =
1
2(2−m)mB
(
±φ− c1√
2B
) 2−m
m
+ const (58)
For the special cases m = 1/2 and m = 1/3 we have the inverse potentials V (φ) ∝ −(φ− c1)−2
and V (φ) ∝ −(φ− c1)−4.
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6 Generation of 4D EGB exact solutions from a scale factor
Now, we consider the following representation of time derivative of the GB coupling function
(ansatz)
ξ˙ =
Ca3
a˙2 + k
(59)
where C is an arbitrary constant. In the paper [24] we considered the case where C = 1/2,
k = 0.
With the representation (59) the equations (3)–(4) are reduced to the ones for the standard-
like cosmology (6)–(7). Discarding the Hubble parameter via a scale factor we transform these
equations to the following form
V (φ) =
a¨
a
+ 2
a˙2
a2
+
2k
a2
− 12Ca˙ (60)
1
2
φ˙2 = −H˙ + k
a2
(61)
The difference from standard cosmology is the last term in the potential, therefore we can
represent it as V = VE+VGB . The first term VE is the potential in standard Friedman cosmology
and the second term VGB = −12Ca˙ corresponds to the GB correction. When C = 0 one has
VGB = 0 and ξ = const.
From equation (8) with the ansatz on the coupling function (59) we obtain the Hubble
parameter H for the model with minimal coupling
H(t) = H(t)− 2Ca(t) (62)
The influence of non-minimal coupling of a scalar field to the GB term on the cosmological
dynamics is defined by the sign of C. When C > 0 the non-minimal coupling rises the expansion
of the universe in respect to standard Friedmann cosmological model with minimal coupling and
it downwards the universe expansion in the case of C < 0. For C = 0 we have the standard
Friedmann cosmology with ξ = const and H = H.
Also, from the relation
a¨
a
= H2 + H˙ (63)
we obtain the connection between accelerations of the universe in the cases of standard and 4D
EGB cosmology
a¨
a
=
a¨
a
− 2Ca(3H − 2Ca) (64)
Thus, the difference between dynamics in standard and 4D EGB cosmology doesn’t depend
on a value of k in the framework of chosen ansatz (59).
Now, we consider the model with oscillating scale factor, besides k 6= 0.
a(t) = A cos(Bt) (65)
where A and B are positive constants.
From equations (59)–(61) we obtain
V (t) = 2B2 tan2(Bt)−B2 + 2k
A2 cos2(Bt)
+ 12ABC sin(Bt) (66)
φ(t) = ±
√
2A2B2 + 2k
AB
ln |sec(Bt) + tan(Bt)|+ c1 (67)
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ξ(t) = −AC
B3
sin(Bt) +
(
A2C
B2
√
k
+
C
√
k
B4
)
arctan
[
AB√
k
sin(Bt)
]
+ const (68)
where c1 is a constant of integration.
The Hubble parameter is
H(t) = −B tan(Bt) (69)
To simplify the formulae, we introduce two new functions
f(φ) = exp
(
± 2AB(φ− c1)√
2A2B2 + 2k
)
(70)
g(φ) =
√
f2(φ) + 1
f(φ) + 1
(71)
From the expression (67) we have
Bt = arctan
(
f(φ)− 1
f(φ) + 1
)
(72)
One can easily obtains the dependence ξ = ξ(φ) by means of the substitution (72) into (68)
ξ(φ) = −AC
B3
sin
(
arctan
(
f(φ)− 1
f(φ) + 1
))
+
(
A2C
B2
√
k
+
C
√
k
B4
)
×
× arctan
[
AB√
k
sin
(
arctan
(
f(φ)− 1
f(φ) + 1
))]
+ const (73)
Now, we can find the potential as the function of a scalar field
V (φ) =
1
A2(f(φ) + 1)2g(φ)
[
(6
√
2A3BC +A2B2)f2(φ) + (74)
+(4kf2(φ) +A2B2 + 4k)g(φ) − 6A2B2f(φ)g(φ) − 6
√
2A3BC
]
Further, we redefined the scalar field as ϕ = φ− c1 + 30.
The corresponding potential V = V (ϕ) with specific values of model’s parameters is repre-
sented in Figure 1.
The potential of the similar form we obtain for inflation in the case of closed (k = 1)
Friedmann universe, but for open (k = −1) universe with V (ϕ) > 0 one must include the positive
cosmological constant Λ in the model. For this aim, one can simply redefine the potential as
V (ϕ)→ V (ϕ) + Λ.
Let us note here, that it is possible to obtain the similar potential VE(ϕ) for standard
cosmology (C = 0, k 6= 0) with another model’s parameters. This fact stress that we found new
physically important exact solutions with the potential of Coleman-Weinberg type for 4D EGB
and standard cosmology using the proposed method.
7 Conclusion and discussions
In the present work we continue to develop the methods of exact solutions construction in
4D EGB cosmology with a non-minimal coupling of the scalar field to the GB term. The main
idea of generation the exact solutions from standard Friedmann cosmology was proposed in our
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Figure 1: Potential V = V (ϕ) with parameters k = 30, A = 1.2, B = 1, C = 6. Parameters
A and C regulate the height of the potential at the point V (ϕ = 0). Parameter B regulates
the slope of the potential from V (ϕ = 0) to Vmin. The shape of V (ϕ) corresponds to Coleman-
Weinberg potential [6].
earlier work [27]. Here we extended the results for such cosmological models with non-zero index
of curvature k or with perfect fluid of the special kind.
The key role of generating new exact solutions is contained in the formula (8) where the
conformity between standard Friedmann and 4D EGB cosmology is setting up. Such connection
gave possibility to transform the model’s dynamical equations to the form (11)-(13) which was
used in two directions: the setting of a scale factor and evolution of the scalar field (Sec.4) or
imposing the ansatz on the Hubble parameters of standard FriedmannH and 4D EGB cosmology
H : F (H,H) = 0 (Sec.5).
New set of exact solutions was generated using the representation of time derivative of the GB
coupling function in the form (59). This leads to the connection between Hubble parameters
(62) which allowed to generate new exact solutions for the giving scale factor a(t). For the
solution (69) we obtained the potential of the form similar to Coleman-Weinberg one [6].
In the case of a spatially-flat Friedmann universe we can estimate the influence of the GB
term on the dynamics by means of difference between e-folds numbers for 4D EGB and standard
inflation
∆N = N −N =
∫ te
ti
(H −H)dt = 2
∫ te
ti
ξ˙H2dt,
where ti and ti are the times of the beginning and the end of inflation.
For ξ = const we obtain ∆N = 0, in the case of H = 0 we have ξ˙ = 1/2H and
N =
∫ te
ti
Hdt
For models with coupling function (59) we have
∆N = N −N = 2C
∫ te
ti
a(t)dt,
thus, difference between e-folds numbers depends on the dynamics and the value of constant C.
Let us note also, that it is possible to generate the exact solutions for 4D EGB cosmology on
the basis of exact solutions for standard cosmology in Friedmann universe for the cases k = 0
and k 6= 0 from the equations (59)–(61). This procedure for a spatially-flat Friedmann universe
was proposed in the paper [24], the examples of exact solutions for open and closed Friedmann
models one can find, for instance, in [25–27].
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